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Abstract 

The mass matrices of the charged leptons and neutrinos, that had been derived in the 
framework of a Minimal ^-invariant Extension of the Standard Model (Kubo J, Mon- 
dragon A, Mondragon M, Rodriguez-Jauregui E. Prog. Theor. Phys. 109, 795, (2003)), 
are here reparametrized in terms of their eigenvalues. The neutrino mixing matrix, 
Vpmns, is then computed and exact, explicit analytical expressions for the neutrino mix- 
ing angles as functions of the masses of the neutrinos and charged leptons are obtained. 
The reactor, #13, and the atmosferic, 623, mixing angles are found to be functions only 
of the masses of the charged leptons. The numerical values of 6**3 and #23 computed 
from our theoretical expressions are found to be in excellent agreement with the latest 
experimental determinations. The solar mixing angle, df^, is found to be a function of 
both, the charged lepton and neutrino masses, as well as of a Majorana phase 4> u . A com- 
parison of our theoretical expression for the solar angle df}, with the latest experimental 
value #i2 P ~ 34° allowed us to fix the scale and origin of the neutrino mass spectrum and 
obtain the mass values \m U2 \ = 0.0507ey, \m ui \ = 0.0499eF and \m U3 \ = 0.0193eF, in 
very good agreement with the observations of neutrino oscillations, the bounds extracted 
from neutrinoless double beta decay and the precision cosmological measurements of the 
CMB. 
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1 Introduction 



The discovery of neutrino masses and mixings marked a turning point in our understanding 
of nature and brought neutrino physics to the focus of attention of the particle, nuclear and 
astrophysics communities [1]. Recent neutrino oscillation observations and experiments have 
allowed the determination of the differences of the neutrino masses squared and the flavour 
mixing angles in the leptonic sector. The solar [2-5], atmospheric [6,7] and reactor [8,9] 
experiments produced the following results: 

7.1 x 10' 5 (eV) 2 < A 2 m l2 < 8.9 x KT^el/) 2 , (1) 

0.24 < sin 2 9 12 < 0.40, (2) 
1.4 x W- 3 (eV) 2 < A 2 m 13 < 3.3 x 10~ 3 (eV) 2 , (3) 

0.34 < sin 2 9 23 < 0.68, (4) 

at 90% confidence level [10,11]. The CHOOZ experiment [12] determined an upper bound for 
the flavour mixing angle between the first and the third generation: 

sin 2 9 13 < 0.046. (5) 

Neutrino oscillation data are insensitive to the absolute value of neutrino masses and also to the 
fundamental issue of whether neutrinos are Dirac or Majorana particles. Hence, the importance 
of the upper bounds on neutrino masses provided by the searches that probe the neutrino mass 
values at rest: beta decay experiments [13], neutrinoless double beta decay [14] and precision 
cosmology [15]. 

On the theoretical side, the discovery of neutrino masses and mixings has also brought 
about important changes. In the Standard Model, the Higgs and Yukawa sectors, which are 
responsible for the generation of the masses of quarks and charged leptons, do not give mass to 
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the neutrinos. Furthermore, the Yukawa sector of the Standard Model already has too many 
parameters whose values can only be determined from experiment. These two facts, taken 
together, point to the necessity and convenience of eliminating parameters and systematizing 
the observed hierarchies of masses and mixings, as well as the presence or absence of CP 
violating phases, by means of a flavour or family symmetry under which the families transform 
in a non-trivial fashion. Such a flavour symmetry might be a continuous group or, more 
economically, a finite group. 

In a recent paper, we argued that such a flavour symmetry, unbroken at the Fermi scale, 
is the permutational symmetry of three objects, S3, and introduced a Minimal SVinvariant 
Extension of the Standard Model [16]. In this model, we imposed S 3 as a fundamental symmetry 
in the matter sector. This assumption led us necessarily to extend the concept of flavour and 
generations to the Higgs sector. Hence, going to the irreducible representations of S3, we added 
to the Higgs SU(2) L doublet in the S 3 -singlet representation two more Higgs SU{2) L doublets, 
which can only belong to the two components of the S3-doublet representation. In this way, all 
the matter fields in the Minimal S3-invariant Extension of the Standard Model - Higgs, quark 
and lepton fields, including the right handed neutrino fields- belong to the three dimensional 
representation 1 © 2 of the permutational group S 3 . The leptonic sector of the model was 
further constrained by an Abelian Z 2 symmetry. 

The group S 3 [17-25] and the product groups S 3 x S 3 [25-28] and S 3 x S 3 x S 3 [29,30] have 
been considered by many authors to explain successfully the hierarchical structure of quark 
masses and mixings in the Standard Model. However, in these works, the S 3 , S 3 x S 3 and 
S3 x S3 x S3 symmetries are explicitly broken at the Fermi scale to give mass to the lighter 
quarks and charged leptons, neutrinos are left massless. Some other interesting models based 
on the S 3 , S 4 and A 4 flavour symmetry groups, unbroken at the Fermi scale, have also been 
proposed [31-36], but in those models, equality of the number of fields and the irreducible 
representations is not obtained. 

In this paper, we derive exact, explicit, analytic expressions for the elements of the leptonic 
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mixing matrix, Vpmns, as functions of the masses of the charged leptons and the neutrinos. By 
comparison with the latest experimental data on neutrino mixings, we obtain numerical values 
for the neutrino masses in good agreement with the experimental bounds extracted from the 
precision observation of the cosmic microwave background (CMB) and the neutrinoless double 
beta decay. 

2 The Minimal S3- invariant Extension of the Standard 
Model 

In the Standard Model analogous fermions in different generations have completely identical 
couplings to all gauge bosons of the strong, weak and electromagnetic interactions. Prior to the 
introduction of the Higgs boson and mass terms, the Lagrangian is chiral and invariant with 
respect to permutations of the left and right fermionic fields. 

The six possible permutations of three objects (/i, / 2 , ^3) are elements of the permutational 
group S3. This is the discrete, non-Abelian group with the smallest number of elements. The 
three-dimensional real representation is not an irreducible representation of S3. It can be 
decomposed into the direct sum of a doublet fo and a singlet f s , where 

fs = 75 (A + f'2 + h)i 

(6) 

fE= (^(/l-/2),^(/l + /2-2/ 3 )). 

The direct product of two doublets pd T = (pdi,Pd2) and qD T = (?di, QD2) may be decomposed 
into the direct sum of two singlets r s and ry, and one doublet r D T where 

r s = PDiqDl + £>D2<?D2, IV = PD1<?D2 - PD29D1, (7) 
TD T = (tdI, r D 2) = (PDiqD2 + PD2qDl,PDiqDl - PD2qD2)- (8) 

The antisymmetric singlet r s / is not invariant under S 3 . 

Since the Standard Model has only one Higgs SU{2) L doublet, which can only be an S3 
singlet, it can only give mass to the quark or charged lepton in the S 3 singlet representation, 
one in each family, without breaking the S3 symmetry. 
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Hence, in order to impose S3 as a fundamental symmetry, unbroken at the Fermi scale, we 
are led to extend the Higgs sector of the theory. The quark, lepton and Higgs fields are 

Q T = (ul, d L ) , u R , d R , 
L T = (u L , e L ) , e R , v R and H, 
in an obvious notation. All of these fields have three species, and we assume that each one 
forms a reducible representation I5 © 2. The doublets carry capital indices / and J, which 
run from 1 to 2, and the singlets are denoted by Q 3 , u 3R , d 3R , L 3 , e 3R , u 3R and H s . Note 
that the subscript 3 denotes the singlet representation and not the third generation. The most 
general renormalizable Yukawa interactions of this model are given by 

C Y = C Yd + C Yu + C Ye +C Yv , (10) 



where 



C Yd = -YfQjH s d IR - Y 3 d Q^H s d 3R 

-YflQjKuHrfjR + Q I VuH 2 d JR ] (11) 
-Y 4 d Q 3 Hjd IR -Y 5 d Q I H I d 3R + h.c, 



C Yu = -Y 1 u Q I {ta 2 )H* s u IR -Y 3 u Q 3 (ta 2 )H* s u 3R 

-Y£[Q I n I j{iG 2 )Hluj R + rjQ I rj I j(ia 2 )H^u JR j 
-Y 4 u Q 3 (ia 2 )H* lUlR - Y^Qjita^H^m + h.c, 



luj R } (12) 



and 



C Ye = —YfLjH s ej R — Y 3 L 3 H s e 3R 

~Y 2 [_LjKjjHiej R + LtqijH^ejR ] (13) 
-YfL 3 H I e IR -Y£L I H I e 3R + h.c, 

C Yv = -Y?LSa 2 )Hlv IR -Y»L 3 (ia 2 )H* s v 3R 

-Y»[_L I K I j(icr 2 )H* l vj R + Ljrijj(ia 2 )H;uj R ] (14) 
-Y^L 3 (ia 2 )H*jiy IR - Y^L^ia^H*^ + h.c, 



Furthermore, we add to the Lagrangian the Majorana mass terms for the right-handed neutrinos 

Cm = -M x v T lR Cv lR - M 3 vl R Cv 3R . (16) 

Due to the presence of three Higgs fields, the Higgs potential Vh(H s , H d ) is more com- 
plicated than that of the Standard Model. This potential was analyzed by Pakvasa and Sug- 
awara [18] who found that in addition to the S3 symmetry, it has a permutational symmetry 
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S2' Hi *->■ H2, which is not a subgroup of the flavour group 5*3, and an Abelian discrete sym- 
metry that we will use for selection rules of the Yukawa couplings in the leptonic sector. In 
this communication, we will assume that the vacuum respects the accidental S2 symmetry of 
the Higgs potential and that 

(Hi) = (H a ). (17) 

With these assumptions, the Yukawa interactions, eqs. (|TT i) -( fl4l) yield mass matrices, for 
all fermions in the theory, of the general form 

M = fjL 2 /II - //2 A*5 

The Majorana mass for the left handed neutrinos is generated by the see- saw mechanism. 
The corresponding mass matrix is given by 

M^M^M-^M^f, (19) 

where M = diag(Mi, M u M 3 ). 

In principle, all entries in the mass matrices can be complex since there is no restriction coming 
from the flavour symmetry S3. The mass matrices are diagonalized by bi-unitary transforma- 
tions as 

U d(u e)L M d(u,e) U d (u,e)R = dmg(m d ^ e ) , m s ( C)/Lt ) , m b{ t, T ) ) , 

(20) 

U^M. V U V = diag^^, m V2 ,m U3 ). 
The entries in the diagonal matrices may be complex, so the physical masses are their absolute 

values. 

The mixing matrices are, by definition, 

V C KM = Ul L U dL , Vpmns = U\ L U V K. (21) 
where K is the diagonal matrix of the Majorana phase factors. 
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3 The mass matrices in the leptonic sector and Z 2 sym- 
metry 

A further reduction of the number of parameters in the leptonic sector may be achieved by 
means of an Abelian Z 2 symmetry. A possible set of charge assignments of Z 2 , compatible with 
the experimental data on masses and mixings in the leptonic sector is given in Table I. 





+ 


Hs, 


Hi, L 3 , Li, e 3 R, em, vm 



Table I. Z 2 assignment in the leptonic sector. 
These Z 2 assignments forbid the following Yukawa couplings 

Yi c = Y 3 e = Y" = Y 5 U = 0. 



(22) 



Therefore, the corresponding entries in the mass matrices vanish, i.e., /if — //| = and \x\ 
^ = 0. 

The mass matrix of the charged leptons 
The mass matrix of the charged leptons takes the form 



A*2 A*2 A*5 

M e = m T ( jl 2 -fa h 
/2 4 £l 4 



(23) 



The unitary matrix U e L that enters in the definition of the mixing matrix, Vpmns, is calculated 
from 

Ul L M e M\UeL = diag(m 2 , ml, m\), (24) 
where m e , m M and m T are the masses of the charged leptons, and 



M e M\ = m 2 T 



( 2|/i 2 | 2 + \\x h \ 



|/t 5 | 2 2\jl 2 \\jl 4 \e iS - \ 



2\jl 2 \ 2 + \jl 5 \ 2 
\ 2|/j 2 ||/j 4 |e^ 





r, 1 2 



(25) 



2|/2 4 r / 
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Notice that this matrix has only one non-ignorable phase factor. The parameters \ jj>2\, 1/^4 1 and 
|/2 5 | may readily be expressed in terms of the charged lepton masses. From the invariants of 
M e M\ y we get the set of equations 

Tr{M e Ml) =m 2 e + ml + m 2 T = m 2 T [4|/i 2 | 2 + 2 (|/i 4 | 2 + |/i 5 | 2 )] , (26) 



x(M e M]) = m 2 T {m 2 e + ml) + m 2 e ml 

= 4m^|/2 2 | 4 + |A 2 | 2 (N 2 + iA5r) + iA4| 2 |A5| 2 ], 1 j 

det{M e Ml) = m 2 e mlm 2 T = im^l 2 ^ 2 ^ 2 , (28) 



where x(M e i\4) = \ (Tr{M e Ml)) 2 - Tr{M e M} 

Solving these equations for | /x 2 1 2 , |/x 4 | 2 and | /x 5 1 2 , we obtain 



T U\2 _ tv/ A/f A/ft\2 



. l9 lm 2 + m 2 m 2 e m 2 

H = 9 2 - 2( 2 ■ 2^ + ^ (29) 

2 m^(rrig + mz) 



In this expression, /3 is the smallest solution of the equation 



/3 3 - |(1 - 2y + 6f )/3 2 - i(y - y 2 - 4f + 7z - 12^)/3- 



8 </Z 2 ?/ 2 + 4 ?, J/3 - U, 

where y = (m 2 + m 2 )/m 2 and £ = m 2 m 2 /m 4 . 

A good, order of magnitude, estimation for f3 is obtained from (130]) 

2 2 

2m 2 _(m 2 _ — (rn 2 + to 2 )) 
The parameters | /x^ | 2 and | /j-s | 2 are, then, readily expressed in terms of |/i 2 | 2 , 
[^^=1(1-1^ + 4 2 f™} 2] -4/3 



±i ( /(i_!!^i + 4 a . - 4/3) 2 - 

4 \ \/ ^ m.± in- in- - in- 1 ' / 



(30) 



(32) 



Once M e Mj has been reparametrized in terms of the charged lepton masses, it is straightforward 
to compute U e L also as a function of the lepton masses. Here, in order to avoid a clumsy 
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notation, we will write the result to order (m^m e /m^) 2 and x A = {m e /m IJ ) A 

( 



M P fa m r 



1 "V 

V2 Vi+x' 2 



1 »i M 
V2 VT+x 1 



1 mn 



1 mu 



I I \-\-x 2 —ift?^ \ 
V2\ 1+x 2 



l+x 2 —m 2 



m e {l+x 2 ) e iS e m e (l+x 2 ) e iS, 
y y/l+x 2 — fh 2 ^ l+x 2 — fh 2 ^ 



V2VT+X 7 V2 V l + x ' 2 





(33) 
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This approximation is numerically exact up to order 10~ 9 in units of the r mass. 

The unitary matrix U e L that diagonalizes M e M\ and enters in the definition of the neutrino 
mixing matrix Vpmns, eq. (BID , * s 



1 





\ / O n 


-o 12 








1 


-o 21 


o 22 











e i6e / \ _ 031 


-o 32 






(34) 



where 



On 


-Oi 2 


O13 


-o 21 


o 22 


o 23 


-O31 


-o 32 


33 



/ 4 



■x- 



(l+2m 2 +4x 2 +m 4 +2fh 2 [ ) 
^l+m 2 +bx 2 -m 4 -m^+m 2 +12x 4 

(1+Ax 2 -ih 4 .-2fn 2 ) 



(l-2mJ+m4-2^) 



V? ^l+fh 2 l +5x 2 —rh 4 —rhf i +7n 2 +12x 4 V? ^l—4m^+x 2 +6m 4 l —4m^ — 5m 2 



V2 y/l-4m 2 +x 2 +6mf l -4mf i -5rh 2 
1 (l-2m2+m4) 



1 

v/2 



1 
V2 



^l+2x 2 —m 2 l —ih 2 (l+m 2 l +x 2 — 2fh 2 ) 
\ ^/l+fh 2 +5x 2 -fh 4 -rh^+m 2 +12x 4 



-X 



(l+x 2 — fh 2 ^ — 2ih 2 ) l+2x 2 — m 2 ^ — fh 2 



yfl+x 2 -™ 2 ^ J 



(35) 



4m 2 +x 2 +6rh 4 — 4mJ> — 5rh 2 

and where = m^/m T1 rh e = m e /m T and x = m e /m^. 

The mass matrix of the neutrinos 

According with the Z 2 selection rule eq. (122]) . the mass matrix of the Dirac neutrino takes the 
form 



M, 



/4 
(4 








(36) 
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Then, the mass matrix for the left-handed Majorana neutrinos, obtained from the see-saw 
mechanism, is 

/2(p^) 2 Iplpl \ 

M, = M i/D M- 1 (M, D f= 2(p£) 2 , (37) 

V Iplpl 2{plf + {plf j 

where p u 2 = (p^/M^ 2 , p\ = {p^jM^ 2 and p u 3 = (p^)/M 3 1/2 ; M 1 and M 3 are the masses of the 

right handed neutrinos appearing in (fT6l) . 

The non-Hermitian, complex, symmetric neutrino mass matrix M v may be brought to a 

diagonal form by a bi-unitary transformation, as 

U T V M V XJ V = diag (KJe^ 1 , K 2 |e i<fc , \m U3 \e^) , (38) 

where U u is the matrix that diagonalizes the matrix M\,M V . 

In order to compute U v , we notice that M\,M V has the same texture zeroes as M v 

( |A| 2 + \B\ 2 A*B + B*D \ 
M}M V = \A\ 2 , (39) 

\ AB* + BD* \B\ 2 + \D\ 2 J 

where A = 2(p£) 2 , 5 = 2p^, and D = 2(p^) 2 + (p^) 2 . 

Furthermore, notice that the entries in the upper right corner and lower left corner are complex 
conjugates of each other, all other entries are real. Therefore, the matrix U v l that diagonalizes 
\ l r .\ l„. takes the form 

(10 \ / cosr/ sini] \ 
1 1. (40) 

e %5v J y — sin rj cos rj J 

If we require that the defining equation (|38|) be satisfied as an identity, we get the following set 

of equations: 

2(p^) 2 = m, 3 , 

2(PsQ 2 = m v\ cos2 V + m vi sin 2 Vi 

(41) 

2P2P4 = sinrj cosr](m U2 — m Ul )e l5u , 
2(p^) 2 + (P3) 2 = (m Ul sin 2 // + m U2 cos 2 r])e~ 2i5v . 
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Solving these equations for sin 77 and cost/, we find 



sin 2 77 



(42) 



2 m^—m^ 

cos 77 



The unitarity of f/j, constrains sin 77 to be real and thus | sin 77 1 < 1, this condition fixes the 
phases <p\ and fa as 



\m u sin 0i = m^, sin <p 2 = \m v . sin <p u . 



(43) 



The real phase 8 V appearing in eq. (T40j) is not constrained by the unitarity of U v . 

Substitution of the expressions ( 1421) for sin 77 and cos 77 in ( T4U1) allows us to write the unitary 
matrix [7^ as 

/ 



1 











1 











e iS 



\ 



m U2 - 


- m U3 


\m V3 - 




m V2 - 



- m Ul 


V m U2 - 



m Vl 


jm V3 


- m Vl 


jm U2 - 


m U3 


m V2 


- m Vl 


V m u2 - 





\ 



J 



(44) 



Now, the mass matrix of the Majorana neutrinos, M u , may be written in terms of the neutrino 
masses; from fl38|) and f|44l) . we get 







m 



yf (m„ 3 - m Ul )(m V2 - m V3 )e t5v 




(45) 



a/ [m V3 - m Ul )(m U2 - m V3 )e %&v (m vi + m U2 - m U3 )e 2lS " 

The only free parameters in these matrices, other than the neutrino masses, are the phase (j) v , 
implicit in m Ul , m V2 and m U3 , and the Dirac phase 8 V . 

The neutrino mixing matrix 

The neutrino mixing matrix Vpmns, is the product U e LUlK, where K is the diagonal matrix 
of the Majorana phase factors, defined by 



diag(m ul ,m V2 ,m V3 ) = K' diag(\m vi \, \m V2 \, \rrii, 3 \)K\ 
Except for an overall phase factor e^ 1 , which can be ignored, K is 

K = diag(l,e ia ,e il3 ), 



(46) 



(47) 
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where a = l/2(0i — 2 ) and (3 = l/2(0i — <p u ) are the Majorana phases. The neutrino mixing 
matrix Vpmnsi m t ne standard form advocated by the PDG [37], is obtained by taking the 
product U eL U v K and making an appropriate transformation of phases. Writing the resulting 
expression to the same approximation as in eq. ( |33l) . we get 

/ On cos 77 + O31 sin 77 On sin 77 — O31 cost] —02ie~ t5 \ 



PMNS 



x K, (4* 



-012 cos 77 + 32 sin77e Jl5 — Oi 2 sin 77 — 32 cosrje 15 22 

V O13 cos 77 — 33 sin 77e J<5 Oi 3 sin 77 + 033 cos rje l5 2 3 / 
where cos 77 and sin 7/ are given in eq ( l4*2i) , are given in eq ( 1351) and 5 = 5^ — <5 e . 

A comparison of this expression with the standard parametrization allowed us to derive 
expressions for the mixing angles in terms of the charged lepton and neutrino masses 

O22 



sin 9 



13 



2 i, sin 6*. 



23 



and tan 9 



12 



On smr/— O31 cos r\ 
O31 sinrj+On cos?;' 



(49) 



Keeping only terms of order (m 2 /m 2 ) and (m M /m r ) 4 , we get 

{l+Ax 2 -rh 4 ) 



sin #13 « — 7=3; 



')■■ 1 "V 



and 



tan 6* 



12 



m„ 2 — m 



v 7 ^ ^l+m^+S^-m 4 ' 23 ~ V2 ^l-4m 2 +x 2 +Srhf l 

I 



(50) 



y/l+2x 2 -m 2 (l+rh 2 l +x 2 )-^x(l+2rh 2 +4x 2 ) 



^l+2x 2 -m 2 l (l+m 2 l +x 2 )+^x(l+2rh 2 l +4x 2 ) 



m V3 


- m ui 


m U2 


- m U3 


m U2 


- m U3 


m V3 


- m Vl 



(51) 



The dependence of tan #12 on the phase <p v and the physical masses of the neutrinos enters 
through the ratio of the neutrino mass differences under the square root sign, it can be made 
explicit with the help of the unitarity constraint on U u , eq. (j4"3"j) . 

(52) 



(\m„ 2 


2 _ 


m U3 


2 sin 2 ^)V2_ 


m V3 \ 


COS (f)y\ 


(\m Ul 


2 _ 


m U3 


2 sin 2 (j) v ) l / 2 + 


m V3 \ 


COS 0i/ 1 



Similarly, the Majorana phases are given by 
sin2a = sin(0i-0 2 ) = fe^xf v T- 



sin 2/3 = sin(0i 



Im^-JIm^l X 



m V2 \ 2 — |m;/ 3 | 2 sin 2 



4u + V\ 



III 



v\ I 



sin 



+ V m 



"1^1 I 



1 2 cin ^ . 



(53) 
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A more complete and detailed discussion of the Majorana phases in the neutrino mixing matrix 
Vpmns obtained in our model is given by J. Kubo [38]. 

In the present model, sin 2 # 13 and sin 2 #23 are determined by the masses of the charged 
leptons in very good agreement with the experimental values [10, 11,39], 

(sin 2 9 13 ) th = 1.1 x 1(T 5 , (sin 2 6 13 ) exp < 0.046, 

and 

(sin 2 6 23 ) th = 0.499, (sin 2 6 23 ) ex P = 0.5±g;g|. 

thus, the experimental restriction | Am 2 2 | < | Am 2 3 | implies an inverted neutrino mass spectrum, 
\m V3 \ < \m Ul \ < \m U2 \ [16]. 

As seen from eqs. (|5ip and fl52|) . the solar mixing angle is sensitive to the neutrino mass 
differences and the phase (f) v but is only very weakly sensitive to the charged lepton masses. 
Writing the neutrino mass differences m Vi — m v . in terms of the differences of the mass squared 
and one of the neutrino masses, say \m U2 \, from our previous expressions (!5T|) and (1521) . we 
obtain 



•k _ l+2ff 2 +ff 2 -rff 2 2 



A»I 4tyi+t? 2 )(l+t? 2 -rt? 2 )coa 2 



-tan 2 ^ + 0(l| 



(54) 



~ ■ io/ — 5-1 tan 2 ^ for r << 1, 

sin^ 26»i2 cos^ <f> u ' 



where t 12 = tan #12 and r = Am^/Am^. 

The mass \m V2 \ assumes its minimal value when sin0 y vanishes, then 



1 1 
\m U2 \ « 

Hence, we find 



m\ 3 



sin 2^ 12 



(55) 



m U2 \ « 0.0507ey, 



\m Ul \ » 0.0499eV, (56) 
\m us \ » 0.0193eV; 

where we used the values Am 2 3 = 2.2l2;§7 x lO -3 ^ 2 and sin 2 9 12 = O.Sl^o 2 taken from M. 
Maltoni et al. [10], T. Schwetz [11] and G. L. Fogli et al. [39]. 
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With those values for the neutrino masses we compute the effective electron neutrino mass 



well below the upper bound mp < 1.8eV coming from the tritium /3-decay experiments [13,39, 



By introducing three Higgs fields that are SU(2) L doublets in the theory, we extended the 
concept of flavour and generations to the Higgs sector and formulated a Minimal ^-Invariant 
Extension of the Standard Model [16]. A well defined structure of the Yukawa couplings is 
obtained, which permits the calculation of mass and mixing matrices for quarks and leptons in 
a unified way. A further reduction of redundant parameters is achieved in the leptonic sector 
by introducing a Z 2 symmetry. The flavour symmetry group Z 2 x S3 relates the mass spectrum 
and mixings. This allowed us to compute the neutrino mixing matrix explicitly in terms of the 
masses of the charged leptons and neutrinos. In this model, the magnitudes of the three mixing 
angles are determined by the interplay of the flavour S3 x Z 2 symmetry, the see-saw mechanism 
and the lepton mass hierarchy. We also found that Vpmns has three CP violating phases, one 
Dirac phase 5 — 5 U — 5 e and two Majorana phases, a and (3, that are functions of the neutrino 
masses, and another phase <p u which is independent of the Dirac phase. The numerical values 
of the reactor, 13 , and the atmospheric, #23, mixing angles are determined by the masses of 
the charged leptons only, in very good agreement with the experiment. The solar mixing angle 
0i2 is almost insensitive to the values of the masses of the charged leptons, but its experimental 
value allowed us to fix the scale and origin of the neutrino mass spectrum, which has an inverted 
hierarchy, with the values \m U2 \ = 0.0507e\/, \m ui \ = 0.0499e\/ and \m V3 \ = 0.0193e\/. 




(57) 



40]. 
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